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2) The Cross product 

The cross product is also called vector product because the product results a 

vector.  

Def.:The cross product n )sin   u(  vvu  , n unit vector (normal) perpendicular 

to the plane. 

 

Note: The vector    vu   is orthogonal to both        and   vu   
 
 

 

 

 

Parallel vectors 

Nonzero vectors      and   vu are parallel if and only if 0  vu . 

 

Properties of the cross product 

If     wand      ,  vu  are any vectors and r , s are scalars, then 
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Calculating Cross product using determinants 

If  k321 ujuiuu   and k321 vjvivv  , then  

          

321

321

vvv

uuu

kji

vu   

Ex.:  

Find vu  and uv  if k2  jiu  and k34  jiv  

Solution 
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Ex.: Find a vector perpendicular to the plane of )0,1,1( P , )1,1,2( Q  and )2,1,1(R . 

Solution 

The vector PRPQ   is perpendicular to the plane because it is perpendicular 

to both vectors.  

             kjikjiPQ  2    )01()11()12(  

 kjikjiPR 222-    )02()11()11(   
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Ex.: Find a unit vector perpendicular to the plane of )0,1,1( P , )1,1,2( Q  and 

)2,1,1(R .  

Solution 

Since PRPQ   is perpendicular to the plane, its direction n is a unit vector 

perpendicular to the plane  
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Calculating the Triple scalar product (volume): also called Box product 

321
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Ex.:  

Find the volume of the box determined by k2  jiu , k32  iv  and 

k47  jw . 

Solution 

      23-   

470
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121

 )( 







 wvu  

 

The volume is 23   )(  wvu  units cubed. 

 
Lines and Planes in Space 

In the plane, a line is determined by a point and a number giving the slope of 

the line. In space a line is determined by a point and a vector giving the direction of 

the line.  

 

Equations for a line 

Suppose that   L   is a line in space passing through a point ),,( 0000 zyxP  

parallel to a vector k321 vjvivv  . Then L is the set of all points ),,( zyxP  for 

which PP0  is parallel to  v . 
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The standard equation of the line through ),,( 0000 zyxP  parallel to 

k321 vivivv   is: 

  t-     ,                   ,              ,       000 tvzztvyytvxx  

and )  ,    ,  (),,( 000 tvztvytvxzyx   

 

Ex.:  

Find the equations for the line through )4,0,2(  parallel to k242  jiv . 

Solution 

With ),,( 0000 zyxP  equal to )4,0,2(  and  k321 vjvivv   equal to 

k242  jiv  

  24        ,       4       ,       22 tztytx   

Ex.: Find the equations for the line through )3,2,3( P  and )4,1,1( Q  . 

Solution 

The vector k734  jiPQ  is parallel to the line and equation with 

)3,2,3(),,( 000 zyx  give  

   73        ,       32       ,       43 tztytx   

We could have choose )4,1,1( Q  

   74        ,       31       ,       41 tztytx   

 

An equation for a Plane in space  

 Suppose that plane M passes through a point ),,( 0000 zyxP  and is normal to 

the nonzero vector kCBjAin  . Then M is the set of all points ),,( zyxP  for 

which PP0  is orthogonal to n. 

 

 

 

 

Thus, the plane through ),,( 0000 zyxP  normal to kCBjAin    has equation:  

0)()()( 000  zzCyyBxxA  

    or              000D  e      wher,      CzByAxDCzByAx   

n 
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Ex.:  

Find an equation for the plane through )7,0,3(0 P  perpendicular to 

 k25  jin . 

Solution 

2225

072155

0)7)(1()0(2))3((5

0)()()( 000
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zyx

zyx

zzCyyBxxA

 

Notice in this example how the components of k25  jin  become the 

coefficients of  zandyx           ,    in equation 2225  zyx . The vector 

kCBjAin  is normal to the plane  DCzByAx  . 

 

Ex.:  

Find an equation for the plane through  )0,3,0(  and  )0,0,2( ,  )1,0,0( CBA . 

Solution 

 We find a vector normal to the plane and use it with one of the point to write 

            an equation for the plane. 

      The cross product: 

     6  2  3    

130

102 kji

kji

ACAB 



  is normal to the plane. 
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Lines of intersection 

- Two lines are parallel if and only if they have the same direction. 

- Two planes are parallel if and only if their normals are parallel. 

- The planes that are not parallel intersect in a line. 

 

Ex.:  

Find a vector parallel to the line of intersection of the planes 15263  zyx    
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and  522  zyx . 

 

Solution 

 The line of intersection of two planes is perpendicular to both planes' normal 

vectors 
21   and  nn  and therefore parallel to  

21  nn  . i.e. 
21  nn     is a vector parallel to 

the planes' line of intersection. 

                                 51  2  41    

212

26321 kji

kji

nn 



  

Ex.: Find the point where the line tztytx  122
3

8
intersects the plane 

6623  zyx   

Solution 

 The point 
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The point of intersection is  0) , 2  ,  
3

2
(    ),,( 1 tzyx  

 

Angles between planes 

 The angle between two intersecting planes is defined to be the angle 

determined by their normal vectors. 

 

Ex.:  

Find the angle between the planes 15263  zyx   and  522  zyx  

Solution 

 The vectors         k2631  jin   and  k222  jin  
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are normals to the planes. The angle between them is 
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Problems: 

1)  Sketch the coordinate axes and then include the vectors  vuvu      and     ,     as  

     vectors starting at the origin 

a.   j    ,      i   vu  

b. k  j    ,k      -i   vu  

c. 2ji    ,     j- i2  vu  

d. ji    ,     j i  vu  

 

2)  In the triangle that determined by the points    and   ,  RQP , find a unite vector 

      perpendicular to plane   PQR . 

a.  )1,1,3(  and  )3,1,2( ,  )1,1,1( RQP  

b.  )2,2,1(  and  )1,1,0( ,  )0,2,2(  RQP  

 

3)  Let   k5  jiu  ,  k5 jv   and  k3315  jiw . Which vectors, if any, 

      are: 

a. Perpendicular? 

b. Parallel? 

 

4)  Find equations for the lines: 

a. The line through the point   )1 ,4 ,3( P parallel to the vector k ji . 

b. The line through   )1,0,1(   and   )1,2,1(  QP . 

c. The line through the origin parallel to the vector k2 j . 

d. The line through the point   )1 ,2 ,3(  parallel to the line 

  3        ,       2       ,       21 tztytx     

e. The line through   )1 ,1 ,1( parallel to the z-axis. 

f. The line through   )5 ,4 ,2( perpendicular to the plane 21573  zyx     
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g. The line through   )0 ,7 ,0(  perpendicular to the plane 1322  zyx   

h. The line through   )0 ,3 ,2( perpendicular to the vectors  k32  jiu  

and  k543  jiv  

i. The  x - axis. 

j. The  z - axis. 

 

5)  Find equations for the planes: 

a. The plane through   )1 ,2 ,0(0 P normal to k23  jin  

b. The plane through   )3 ,1 ,1(  parallel to the plane 73  zyx  

c. The plane through  )1,2,0(  and  )2,0,2(   ,   )1,1,1(   

d. The plane through   )5 ,4 ,2(0P perpendicular to the line 

  4        ,       31       ,       5 tztytx   

e. The plane through   )1 ,2 ,1( A perpendicular to the vector from the 

origin to  A . 

 

6)  Find the plane determined by the intersecting lines: 

          








s-      22      ,       21       ,       41     :2

t-        1        ,       2       ,       1     :1

szsysxL

tztytxL
 

 

7)  Find a plane through   )1 ,1 ,2(0 P perpendicular to the line of intersection of the 

      planes     22     ,     32  zyxzyx . 

8)  Find a plane through the points )1 ,2 ,3(  ,  )3 ,2 ,1( 21 PP perpendicular to the 

       plane   724  zyx . 

9)  Find the angles between the planes: 

a.   222     ,     1  zyxyx  

b.   132     ,     105  zyxzyx  

10)  Find the point in which the line meets the plane. 

a. 632    ,        1    ,    3    ,     1  zyxtztytx  

b. 12436    ,        22    ,    23    ,     2  zyxtztyx  
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